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An enhancement of the specific absorption rate �SAR� inside a lossy dielectric object has been investigated
theoretically based on a slab of left-handed medium �LHM�. In order to make an accurate analysis of SAR
distribution, a proper Green’s function involved in the LHM slab is proposed, from which an integral equation
for the electric field inside the dielectric object is derived. Such an integral equation has been solved accurately
and efficiently using the conjugate gradient method and the fast Fourier transform. We have made a lot of
numerical experiments on the SAR distributions inside the dielectric object excited by a line source with and
without the LHM slab. Numerical experiments show that SAR can be enhanced tremendously when the LHM
slab is involved due to the proper usage of strong surface waves, which will be helpful in the potential
biomedical applications for hyperthermia. The physical insight for such a phenomenon has also been discussed.
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I. INTRODUCTION

In recent years, a lot of research has been conducted on
the heating caused in a biological body by incident electro-
magnetic radiation �1–6�. Hyperthermia, the heating of a tu-
mor to a temperature of 42–45 °C, has been an effective
adjuvant for cancer therapy �7–9�. In order to obtain thera-
peutic temperatures in tumors and keep the temperatures in
healthy tissues at acceptable levels, many heating techniques
are employed at present using the electromagnetic waves and
energies �8–10�. An important measure on hyperthermia for
a biological object �or a lossy dielectric object� is a specific
absorption rate �fSAR, in W/kg�, which is defined as

fSAR =
1

2

��r�
��r�

�Ey�r��2, �1�

where � is the conductivity of the dielectric object �in S/m�,
� is the density of the object �in kg/m3�, and �Ey� is the
magnitude of the electric field �in V/m�. fSAR describes the
average power per unit mass of the object dissipated in heat.

There are many factors to influence the SAR distribution
inside the dielectric body. A number of previous reports have
studied the optimization technique in SAR distributions for
electromagnetic hyperthermia using numerical and experi-
mental methods �11–14�. However, most of the theoretical
and experimental studies are focused on adjusting the phase
of applicator arrays to change SAR distributions.

In this paper, we make use of the special physical charac-
teristics of a left-handed medium �LHM� to control SAR
distributions efficiently. The concept of LHM was proposed
by Veselago in 1968 �15�. With negative permittivity and
negative permeability simultaneously, LHM has been shown
to possess a lot of exotic properties such as negative refrac-
tion, reversed Doppler shift, and reversed Cerenkov radia-
tion. Moreover, a LHM slab can focus the incident waves

and act as a lens �15�. However, not much attention has been
paid to LHM due to the absence in nature until recently when
the artificial LHM has been verified by experiments �16�.
Periodic arrays of metallic rods and split ring resonators have
been used to realize different materials �17,18�. Inspired by
the experimental results, intensive studies have been con-
ducted to understand the physical essences of the LHM.

One of the most attractive features of the LHM is the
amplification of evanescent waves. Using such a feature, it
has been shown that a lossless LHM slab can be made as a
perfect lens �19�. Although the perfect lens has later been
shown unphysical �20�, a slightly lossy LHM slab is still able
to be a superlens �21–24�, where strong surface waves can be
excited near the slab surfaces. In this paper, we will investi-
gate the possibility to enhance the SAR distribution inside
the lossy dielectric object using the LHM slab. Numerical
experiments have shown that SAR can be controlled and
enhanced tremendously due to the proper usage of the LHM
slab.

II. GENERAL ANALYSIS

In order to seek the possibility of SAR enhancement, we
have to compute the internal electric fields inside the lossy
dielectric object accurately in a complicated environment. To
this end, we consider a general problem involving a radiation
source, a one-dimensional �1D� LHM slab, and an arbitrarily
shaped dielectric object. For simplicity, we use a two-
dimensional �2D� line source as the radiator and a 2D lossy
dielectric cylinder as the target. As shown in Fig. 1, the line
source and the dielectric object are located in regions 0 and 2
�free space�, respectively, and region 1 is the LHM slab with
the relative permittivity �r1 and relative permeability �r1.
Under the Cartesian coordinate shown in Fig. 1, the slab
interfaces are located at z=−d2+d1 and z=0, and the line
source is located at �x ,z�= �0,−d2�. According to Pendry’s
analysis, there is an interior image and an exterior image of
the line source at points �0,−d2+2d1� and �0,d2−2d1�, re-
spectively.*Email address: tjcui@seu.edu.cn
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As we know, the line source radiates a cylindrical wave
expressed by the Hankel’s function. When the 1D LHM slab
exists, the cylindrical wave should be expanded as the inte-
gral summation of plane waves using the Wyle identity to get
a closed-form solution �25�. After simple derivation, we ob-
tain the electric field in region 2 radiated by the line source I
as

E2y
inc�x,z� = −

��0

4�
I�

−�

+�

dkx
1

k0z
Teik2zzeikxx, �2�

which represents the incident field of the dielectric object.
Here, T is the transmission coefficient of plane waves propa-
gating along the positive z axis. From the boundary condi-
tions, we have

T =
4eik0zd1eik1zd

�1 + P01��1 + P12��1 + R01R12e
i2k1zd�

, �3�

in which d=d2−d1 is the slab thickness, kiz=�ki
2−ky

2 �i
=0,1,2� is the propagating factor in region i, and

R01 =
1 − P01

1 + P01
, R12 =

1 − P12

1 + P12
�4�

are Fresnel reflection coefficients at slab interfaces, and

P01 =
�0k1z

�1k0z
, P12 =

�1k0z

�0k1z
. �5�

Under the excitation of the incident field E2y
inc�x ,z�, an

equivalent volume current density will be produced
inside the dielectric object, which is proportional to the
internal electric field: J2y�x ,z�=−i��0��r�x ,z�−1�E2y�x ,z�
+��x ,z�E2y�x ,z�. Here, �r�x ,z� and ��x ,z� are relative per-
mittivity and conductivity of the lossy dielectric object. The
radiation of such volume current results in a scattered elec-
tric field:

E2y
sca�x,z� = k0

2�
D

dS�g�x − x�,z,z��O�x�,z��E2y�x�,z�� ,

�6�

where k0 is the wave number of free space, O�x ,z�=�r�x ,z�
−1+ i��x ,z� / ���0� is called an object function �26�, and

FIG. 1. �Color online� A general problem con-
sisting of a line source, a 1D LHM slab, and a 2D
lossy dielectric object. The source and object ex-
tend to infinity in the y direction, and the LHM
slab extends to infinity in both x and y directions.
The dielectric object can be arbitrarily shaped.
The slab interfaces are located at z=−d2+d1 and
z=0, and the line source is located at �x ,z�= �0,
−d2�. There are two image points of the line
source located at �0,−d2+2d1� and �0,d2−2d1�,
respectively.

FIG. 2. �Color online� The electric-field dis-
tributions inside the homogeneous lossy circular
cylinder in free space under the plane-wave exci-
tation, where �r=50, �=1.0 S/m, and �r=1 to
simulate the human brain, and the working fre-
quency is 900 MHz. Solid lines indicate the Mie
series solutions and stars indicate the CG-FFT so-
lutions. �a� Field values along the line x=0. �b�
Field values along the line z=0.
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g�x−x� ,z ,z�� is the Green’s function involving the LHM
slab.

In order to obtain the Green’s function, we consider the
radiation of a line source which is located at �x� ,z�� in region
2. After a simple derivation �25,26�, we obtain

g�x − x�,z,z�� = g1�x − x�,z − z�� + g2�x − x�,z + z�� , �7�

in which

g1�x − x�,z − z�� =
i

4
H0

�1��k0�r − r��� �8�

is just the Green’s function in free space, and

g2�x − x�,z + z�� =
i

4�
�

−�

+�

dkx
1

k0z
Reik0z�z+z��eikx�x−x�� �9�

describes the contribution of reflected field by the LHM slab.
Here, R is the reflection coefficient of plane waves propagat-
ing along the negative z axis:

R =
R01 + R12e

i2k1zd

1 + R01R12e
i2k1zd

. �10�

Based on the relation among the internal, scattered, and in-
cident electric fields

E2y�x,z� = E2y
inc�x,z� + E2y

sca�x,z� , �11�

we easily obtain an electric field integral equation for
E2y�x ,z� as

E2y�x,z� − k0
2�

D

dS�g�x − x�,z,z��O�x�,z��E2y�x�,z��

= E2y
inc�x,z� . �12�

Introducing equivalent volume current densities �26�

J2�x,z� = O�x,z�E2y�x,z� , �13�

J2
inc�x,z� = O�x,z�E2y

inc�x,z� , �14�

Eq. �12� is then simplified as

J2�x,z� − k0
2O�x,z��

D

dS��g1�x − x�,z − z��

+ g2�x − x�,z + z���J2�x�,z�� = J2
inc�x,z� . �15�

Solving the above integral equation, the internal electric field
E2y�x ,z� will be determined through Eq. �13�, and then the
SAR distribution inside the dielectric object is obtained.

Generally, there are no analytical solutions to Eq. �15�,
and hence numerical methods have to be used. The method
of moments �MOM� is a popular technique to convert the
above integral equation into a matrix equation. However, the
conventional MOM is very expensive, where the memory
requirement is of O�N2� to store the matrix, and the numeri-
cal complexity is of O�N3� to solve the matrix equation, in
which N is the number of pixels to divide the biological
object.

From Eq. �15�, however, we observe that the first term of
the integral represents a 2D convolution and the second term
represents a 1D convolution in x and 1D correlation in z.
Hence such two terms can be performed rapidly using the
fast Fourier transform �FFT�. Actually, the conjugate gradi-
ent �CG� method with FFT is an efficient approach to solve
the problem. For details, please refer to, for example, Refs.
�26–28�. Using CG-FFT, the integral equation can be solved
rapidly, where the memory requirement is only of O�N�, and
the floating-point operations are only proportional to
C1NiterN ln N. Here, C1 is a small constant and Niter is the
number of iterations.

III. NUMERICAL EXPERIMENTS

In this section, we explore the enhancement of SAR dis-
tributions inside the lossy dielectric object with the aid of the
LHM slab through numerical experiments of two typical
models. All numerical results are obtained by solving the

FIG. 3. �Color online� The electric-field dis-
tributions inside the homogeneous lossy circular
cylinder with and without the LHM slab under
the line-source excitation. Here, the object is far
away from the slab �h=6.0 m� , �r=50, �
=1.0 S/m, �r=1, and the working frequency is
900 MHz. Solid lines indicate the CG-FFT solu-
tions in free space when the line source is placed
at the exterior image point �x=0 and z=0.2 m�
and stars indicate the CG-FFT solutions when the
LHM slab exists and the line source is placed at
x=0 and z=−0.6 m. �a� Field values along the
line x=0. �b� Field values along the line z=0.
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integral equation �15� using the CG-FFT method. The line
source with the electric current of 1 mA is located at the
point x=0 and z=−0.6 m. The LHM slab is characterized as
�r1=−1+10−4+ i10−6 and �r1=−1+10−4+ i10−6, whose
boundaries reside at z=−0.4 m and z=0, respectively.

A. A homogeneous circular cylindrical model

We first adopt a simple model of homogeneous circular
cylinder, which has a diameter of 0.2 m. The corresponding
physical parameters are �r=50, �=1.0 S/m, �r=1, and �
=1 g/cm3 to simulate the human brain. In this example, the
working frequency is 900 MHz.

In order to verify the accuracy of the field distributions
computed by the CG-FFT method, we first consider a simple
case of plane-wave incidence to the lossy circular cylinder in
free space, where an exact solution exists using the Mie se-
ries. Figure 2 illustrates the comparison of internal electric

fields along the lines x=0 and z=0, respectively. From Fig.
2, we clearly see that the numerical results computed from
CG-FFT have excellent agreement with the exact values.
Since the plane-wave excitation only appears in the right-
hand side �RHS� of Eq. �15�, the above conclusion can be
easily extended to the line-source case by replacing the RHS
with the line-source excitation.

In the earlier example, the excellent agreements have vali-
dated the accuracy of the numerical method for the free-
space kernel g1�x−x� ,z−z��. To validate the LHM kernel
g2�x−x� ,z ,z�� furthermore, we compute the electric fields
inside the dielectric object under the excitation of the line
source. When the LHM slab exists and the dielectric object is
far away from the slab �h=6.0 m�, the internal electric fields
along the lines x=0 and z=0 are demonstrated in Fig. 3
�stars�.

FIG. 4. �Color online� The SAR distribution
inside the homogeneous lossy circular cylinder
with and without the LHM slab under the line-
source excitation when the object is very close to
the slab �h=0.01 m�. Here, �r=50, �
=1.0 S/m, �r=1, and the working frequency is
900 MHz. �a� With the LHM slab. �b� Without
the LHM slab.
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As we know, one important feature of the LHM slab is the
superlens �19�. Under the chosen parameters ��r1=−1+10−4

+ i10−6 and �r1=−1+10−4+ i10−6�, nearly all propagating
waves emitted from the line source I will be recovered at the
image points, and most of evanescent waves will be ampli-
fied. When the biological object is far away from the source,
only the propagating waves play important roles in the inter-
nal electric fields because evanescent waves decay to very
small values. As a consequence, if we remove the LHM slab
and put the line source at the exterior image point �x=0 and
z=0.2 m�, the computed electric fields will be nearly the
same as those mentioned earlier. Figure 3 �solid lines� illus-
trates such numerical results. The excellent agreements be-
tween such two results �stars and solid lines� validate the
accuracy of the CG-FFT method with the LHM kernel.

Now we investigate the SAR distributions inside the lossy
dielectric object. When the LHM slab exists and the object is
very close to the slab �h=0.01 m�, the SAR distributions
computed by CG-FFT are demonstrated in Fig. 4�a�. To view

the effect of the LHM slab, the SAR distributions are also
computed without the LHM slab, as shown in Fig. 4�b�.

Comparing Figs. 4�a� with 4�b�, we clearly see that SAR
inside the lossy dielectric object has been enhanced by a
factor of 16 with the use of LHM slab. From Fig. 4�b�, we
also notice that the SAR distribution is strong close to the
source and weak far from the source if we remove the LHM
slab. With the LHM slab, however, the SAR pattern has been
changed tremendously, where the strong SAR regions appear
in two small parts in the top and bottom, as shown in Fig.
4�a�.

If we increase the distance between the circular dielectric
object and the slab, we can further change the SAR patterns.
Figure 5 illustrates the SAR distributions inside the dielectric
object when h=0.1 m and h=0.2 m, respectively. From Fig.
5�a�, the two strong SAR spots move to the front region of
the cylinder in the case of h=0.1 m. When h increases to 0.2

FIG. 5. �Color online� The SAR distributions inside the homo-
geneous lossy circular cylinder with the LHM slab under the line-
source excitation for different distances h. Here, �r=50, �
=1.0 S/m, �r=1, and the working frequency is 900 MHz. �a� h
=0.1 m. �b� h=0.2 m.

FIG. 6. �Color online� The electric-field distributions inside and
outside the LHM slab under the line-source excitation, where the
working frequency is 900 MHz. �a� The circular dielectric object
does not exist, where strong surface waves are observed on the slab
boundaries. �b� The circular dielectric object exists, where �r=50,
�=1.0 S/m, �r=1, and h=0.1 m. Clearly, both the amplitude and
pattern of surface waves have been changed due to the effect of
strong volume currents inside the dielectric object.
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m, the two SAR hot spots merge to one, appearing in the
front region, as shown in Fig. 5�b�. If the LHM slab does not
exist, however, the SAR patterns are nearly unchanged in
moving the biological object from h=0.01 m to h=0.2 m.

The physical reason to enhance SAR and to change the
SAR patterns is the proper usage of surface waves around the
LHM slab. As we know, strong surface waves are generated
on the two slab boundaries under the excitation of a line
source. Figure 6�a� illustrates the electric-field distributions
inside and outside the LHM slab when the dielectric object
does not exist, where strong surface waves are clearly ob-
served. Such strong surface waves will then produce strong
internal electric fields inside the dielectric object which is
close to the slab to enhance SAR. Actually, the strong surface
waves on the slab boundaries can be regarded as an array of
sources with different phases, which results in the change of

SAR patterns when we move the biological body, as shown
in Figs. 4 and 5.

On the other hand, the large internal electric fields inside
the lossy dielectric object �or the equivalent volume currents�
will affect the surface-wave distributions. Figure 6�b� dem-
onstrates the electric fields inside and outside the LHM slab
when the dielectric object exists, where h=0.1 m. Compar-
ing Figs. 6�a� and 6�b�, we clearly observe that the amplitude
of surface waves has been increased tremendously due to the
existence of the dielectric object and the wave pattern has
also been changed.

B. A two-layered circular cylindrical model

Next we consider a two-layered circular cylindrical struc-
ture to model the human tissue. Here, the outer layer has a

FIG. 7. �Color online� The SAR distributions
inside the two-layered lossy circular dielectric
cylinder with and without the LHM slab under
the line-source excitation when the object is very
close to the slab �h=0.01 m�. Here, the outer
layer has a diameter of 0.4 m to simulate fat,
whose physical parameters are �r=7.5, �
=0.048 S/m, and �=0.9 g/cm3; the inner layer
has a diameter of 0.2 m to simulate muscle,
whose physical parameters are �r=72, �
=0.9 S/m, and �=1.02 g/cm3; the working fre-
quency is 500 MHz. �a� With the LHM slab. �b�
Without the LHM slab.
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diameter of 0.4 m to simulate fat, whose physical parameters
are �r=7.5, �=0.048 S/m, and �=0.9 g/cm3. The inner
layer has a diameter of 0.2 m to simulate muscle, whose
physical parameters are �r=72, �=0.9 S/m, and �
=1.02 g/cm3. The same source and LHM slab have been
used and the working frequency is 500 MHz in this case.

When the two-layered dielectric object is close to the
LHM slab �h=0.01 m�, the computed SAR distribution in-
side the object is illustrated in Fig. 7�a�. Again, we also give
the SAR distribution if the LHM slab does not exist for easy
comparison, as shown in Fig. 7�b�. From Fig. 7, it is evident
that SAR inside the two-layered dielectric object is enhanced
by a factor of 21 with the aid of LHM slab. On the other
hand, the SAR pattern has been changed and the strong SAR
region is more focused. By adjusting the distance h between
the object and slab, the strong SAR parts can be changed due
to the strong surface waves around the LHM slab, as shown
in Fig. 8.

Therefore the LHM slab can play a very important role in
the SAR enhancement and the control of SAR patterns. By
adjusting the distance between the lossy dielectric object and
slab, we can properly make use of the strong surface waves
around the slab. Then the SAR distribution will be greatly
enhanced. In the meantime time, the strong SAR parts can be
focused to certain small areas due to the array effect of sur-
face waves, which will be helpful in the potential biomedical
applications, such as the hyperthermia for cancer therapy.

IV. CONCLUSIONS

We have proposed an efficient technique to enhance the
SAR distributions in lossy dielectric objects and adjust the
focus points using the LHM slab. An accurate method has
been developed to investigate the above features through nu-
merical experiments, where a proper Green’s function in-

FIG. 8. �Color online� The SAR distributions
inside the two-layered lossy circular dielectric
cylinder with the LHM slab under the line-source
excitation for different distances h. Here, the ob-
ject parameters are the same as those in Fig. 7
and the working frequency is 500 MHz. �a� h
=0.1 m. �b� h=0.2 m.
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volved in the LHM slab is given and the resulting integral
equation has been solved numerically using the CG-FFT
technique. Numerical experiments show that the LHM slab
plays a important role in the SAR enhancement and the
change of SAR patterns. When we adjust the distance be-
tween the biological object and the LHM slab, the strong
surface waves around the LHM slab can be properly used to
enhance the SAR distribution. Moreover, the strong SAR
regions can be focused to certain small areas, which will be
very helpful in hyperthermia for cancer therapy.
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